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On the Minimum 2-wide Diameter of Cycles with Chords∗

Liu Bolian1 Yu Gexin2 Hou Xinmin3

Abstract Let k be a positive integer and G be a k-connected simple graph. The
k-wide diameter of graph G, dk(G), is the minimum integer l such that for any two
distinct vertices x, y ∈ V (G), there are k (internally) disjoint paths with lengths at most
l between x and y. Let C(n, t) be the resulting graph by adding t edges to cycle Cn.
Define h(n, t) = min{d2(C(n, t))}. In this paper, we compute h(n, t) and obtain that
h(n, 2) = ⌈n

2
⌉. Furthermore, we give the bounds for h(n, t) when t > 3.
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Graph parameters such as connectivity and diameter have been studied extensively due

to their intrinsic importance in graph theory, combinatorics, and their relation to (and appli-

cation in )fault tolerance and transmission delay in communication networks. The advents

of VLSI technology and fiber optics material science has enabled us to design massively par-

allel computers, complicated VLSI systems, and large scale high speed and wide bandwidth

communications networks. All these systems increase their reliability and fault tolerance by

incorporating two or more disjoint routing paths between any pair of nodes.

Let G be a k-connected simple undirected graph. For two distinct vertices u, v ∈ V (G),

let Pk(u, v) be a family of k (internally) disjoint paths between u and v, i.e.

Pk(u, v) = {P1, P2, · · · , Pk}, |P1| 6 |P2| 6 · · · 6 |Pk|,H �<� : ℄ ������
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where |Pi| denotes the length of path Pi. The k-wide distance (or simply k-distance),

dk(u, v), between u and v is the minimum |Pk| among all Pk(u, v)’s. The k-wide diameter

(or simply k-diameter), denoted by dk(G), of G is defined as the maximum k-wide distance

dk(u, v) over all distinct vertices u, v ∈ V (G), i.e.

dk(u, v) = min
Pk(u,v)

|Pk|,

and

dk(G) = max{dk(u, v) : u, v ∈ V (G) and u 6= v}.

Clearly, d1(G) is exactly the diameter d(G) of graph G.

Let C(n, t) be the resulting graphs by adding t edges to Cn, the cycle on n vertices.

Clearly, every graph in C(n, t) is 2-connected. Let c(n, t) = min{d(C(n, t))}. Chung and

Garey [2] studied bounds for c(n, t).

There is an analogous problem for 2-wide diameters. Let h(n, t) = min{d2(C(n, t))}.

It is clear from the definition that h(n, 0) = n−1, h(n, 1) = n−2, andh(n, t) > h(n, t+1).

When t > 2, it is less clear what h(n, t) is. In fact, as an open problem, Hsu [1] proposed to

compute h(n, t).

In this short article, we study h(n, t) for t > 2. First we give the exact value of h(n, 2).

Throughout the paper, we will let Cn be a cycle on n vertices labelled by u0, u1, . . . , un−1.

Any graph G ∈ C(n, 2) is obtained from Cn by adding two chords. We denote by [ui, uj]

the shorter path from ui to uj along Cn, and call it the uiuj-segment.

Theorem 1

h(n, 2) = ⌈
n

2
⌉

for n > 4.

Proof To prove h(n, 2) 6 ⌈n
2 ⌉, we need a graph G ∈ C(n, 2) such that d2(G) 6 ⌈n

2 ⌉. Let

s = ⌊n
2 ⌋ and t = ⌈ s

2⌉. Consider G ∈ C(n, 2) by adding edges u0us, utus+t to Cn.

Note that u0, ut, us, us+t partition the vertices of Cn into four segments:

[u0, ut], [ut+1, us], [us+1, ut+s], [ut+s+1, un−1].

Now we consider the 2-wide distance d2(ui, uj), where 0 6 i < j 6 n − 1. We only

consider the case when i ∈ [0, t], and the other cases are similar. In each situation, we will

find two disjoint paths P1 and P2 between ui and uj, and we will show that |Pi| 6 ⌈n
2 ⌉ for

i = 1, 2.

Case 1: j ∈ [0, s]. Let

P1 : [ui, uj ], P2 : [ui, u0] + u0us + [us, uj ].

Then |P1| 6 s and |P2| = s + 1 − |P1| 6 s are two disjoint paths between ui and uj .
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Case 2: j ∈ [s + 1, t + s − 1]. Let

P1 : [ui, u0] + u0us + [us, uj], P2 : [ui, ut] + utus+t + [us+t, uj].

Then

2 6 |Pi| 6 2t + 2 − 2 = 2t 6 ⌈
n

2
⌉, (i = 1, 2)

are two disjoint paths between ui and uj .

Case 3: j ∈ [t + s, n − 1]. Let

P1 : [ui, u0] + [u0, uj ], P2 : [ui, ut] + utus+t + [us+t, uj ].

Then

1 6 |P1| 6 ⌈
n

2
⌉, and |P2| = n − s + 1 − |P1| 6 n − s 6 ⌈

n

2
⌉

are two disjoint paths between ui and uj .

Therefore, d2(ui, uj) 6 ⌈n
2 ⌉ and the upper bound can be reached when ui = u0 and

uj = un−1. Thus d2(G) = ⌈n
2 ⌉ and h(n, 2) 6 ⌈n

2 ⌉.

In the following, we prove that h(n, 2) > ⌈n
2 ⌉. Without loss of generality, we suppose

that u0 is one of the endpoints of two chords. We consider three cases according to the way

the chords were added.

Case A: The two chords share a common endpoint. Denote the two chords by u0ui and

u0uj with i < j. Then

d2(u1, un−1) = n − 2 > ⌈
n

2
⌉ n > 2.

Case B: The two chords are parallel. Denote the two chords by u0ui and ujuk with

i < j < k. If i > ⌈n
2 ⌉, d2(u1, un−1) > ⌈n

2 ⌉. Otherwise, d2(uk−1, uk+1) > ⌈n
2 ⌉.

Case C: The two chords are crossing. Denote the two chords by u0ui and ujuk with

j < i < k. If i or k − j (say i) is more than ⌈n
2 ⌉ or less than ⌊n

2 ⌋, then

d2(uj−1, uj+1) = i + 1 − 2 = i − 1 > ⌈
n

2
⌉ if i > ⌈

n

2
⌉

d2(uk−1, uk+1) = n − i + 1 − 2 = n − i − 1 > ⌈
n

2
⌉ if i < ⌊

n

2
⌋.

So assume that ⌊n
2 ⌋ 6 i, k − j 6 ⌈n

2 ⌉. Note that

d2(u0, u1) = min{i, n− (k − j)},

d2(u0, un−1) = min{n − i, n− (k − j)},

d2(ui, ui−1) = min{i, k − j}

d2(ui, ui+1) = min{n − i, k − j}.

It is easy to check that there is at least one pair of these vertices with 2-distance ⌈n
2 ⌉ for

i, k − j = ⌊n
2 ⌋ or ⌈n

2 ⌉.

Therefore, for any graph G ∈ C(n, 2), we have d2(G) > ⌈n
2 ⌉. Thus h(n, 2) > ⌈n

2 ⌉.

Now we discuss the bounds of h(n, t) when t > 3. In [2], Chung and Garey gave the

following upper and lower bounds for c(n, t).
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Theorem 2

[2] If t is even, then

n

t + 2
− 1 6 c(n, t)) 6

n

t + 2
+ 3.

If t is odd, then
n

t + 1
− 1 6 c(n, t)) 6

n

t + 1
+ 3.

Since h(n, t) > c(n, t), the lower bounds of c(n, t) are also the lower bounds for h(n, t).

We give upper bounds for h(n, t) here.

Theorem 3 If t is even, then

n

t + 2
− 1 6 h(n, t) 6 2⌈

n

t + 2
⌉ + 2.

If t is odd, then
n

t + 1
− 1 6 h(n, t) 6 2⌈

n

t + 1
⌉ + 2.

Proof As mentioned above, we just need to prove the upper bounds.

If t is odd, then t − 1 is even. Then h(n, t) 6 h(n, t − 1). So we just need to consider

the case when t is even.

To get the desired upper bound, we consider a graph G ∈ C(n, t) constructed in the

following way: in Cn, add the t chords v0v2i, v1v2i+1 for 1 6 i 6 t/2, where v0, v1, . . . , vt+1

are vertices along the cycle (in the order) so that the consecutive vertices are at most distance

x apart, with

x = ⌈
n

t + 2
⌉.

To obtain the 2-diameter of G. Choose any two vertices u and v with u ∈ [ui, ui+1]

and v ∈ [uj , uj+1], where the addition in the subscript is modulo t + 2. Without loss of

generality, assume that i 6 j and i is even.

Case 1: u and v lie in a same segment. That is i = j. We suppose that |P (ui, u)| <

|P (ui, v)|, where P (w, z) denotes the shortest path between w and z on cycle Cn. Then

P1 : [u, v], P2 : [u, ui] + uiu0 + [u0, u1] + u1ui+1 + [ui+1, v]

are two disjoint pathes between u and v with |P1| 6 x and |P2| 6 2x + 1 since |[u, ui]| +

|[ui+1, v]| < x.

Case 2: The two segments containing u and v have a common vertex (one of their

endpoints). Then j = i + 1 or j = t + 1 and i = 0. If j = i + 1, then j + 1 = i + 2 is even.

Therefore,

P1 : [u, v], P2 : [u, ui] + uiu0 + u0ui+2 + [ui+2, v]

are two disjoint paths between u and v with |P1| 6 2x and |P2| 6 x + 1 + 1 + x = 2x + 2. If

j = t + 1 and i = 0, then

P1 : [u, v], P2 : [u, u1] + u1ut+1 + [ut+1, v]
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are two disjoint paths between u and v with |P1| 6 2x and |P2| 6 2x + 1.

Case 3: The two segments containing u and v have no common vertices. Then [ui, ui+1]∩

[uj , uj+1] = φ. For convenience, assume that j is even. Thus

P1 : [u, ui] + uiu0 + u0uj + [uj , v], P2 : [u, ui+1] + ui+1u1 + u1uj+1 + [uj+1, v]

are two disjoint paths between u and v of lengths at most 2x + 2.

Therefore,

d2(G) 6 2x + 2 = 2⌈
n

t + 2
⌉ + 2.

Consequently,

h(n, t) 6 2⌈
n

t + 2
⌉ + 2.

Note that if t is even and t > n − 2, then h(n, t) 6 4. It is easy to construct a graph

C(2n, 2n− 2) with 2-diameter 4 for n > 5. We conjecture that h(2n, 2n− 2) = 4 for n > 5.
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